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ABSTRACT. The au thor  extends earlier r e s u l t s  t o  t h e  
case of t h e  r o t a t i o n  motion of a s o l i d .  The system i n v e s t i -  
ga ted  c o n s i s t s  of a s o l i d  w i t h  a f i x e d  po in t  i n  t h e  c e n t e r  
of g rav i ty .  Axes of t h r e e  homogeneous, symmetrical ,  engine- 
r o t a t e d  f lywheels  l i e  along t h e  p r i n c i p a l  c e n t r a l  axes of 
i n e r t i a  of t h e  f i x e d  po in t .  

Seve ra l  au tho r s  [l-31 have i n v e s t i g a t e d  t h e  problem of t h e  s t a b i l i z a t i o n  
of t h e  equ i l ib r ium p o s i t i o n  of a s o l i d  wi th  a f i x e d  p o i n t  by means of f l y -  
wheels ( g y r o s t a t )  coupled t o  the  s o l i d .  The au thor  of [2 ]  found t h e  opt imal  
f lywheel  c o n t r o l  l a w  which provides  t h e  ex t inguish ing  of r o t a t i n g  motions of 
t h e  fundamental  s o l i d .  The e s t a b l i s h e d  c o n t r o l  achieved t h e  s h i f t  of t h e  
s o l i d  t o  another  equi l ibr ium conf igu ra t ion  (from t h e  i n i t i a l  one) ,  i .e . ,  
t h e  i n i t i a l  equi l ibr ium conf igura t ion  became asymptot ica l ly  s t a b l e  w i t h  respect 
t o  v e l o c i t i e s ,  as w e l l  as wi th  r e s p e c t  t o  t h e  coord ina tes .  Both s o l u t i o n s  
i n d i c a t e d  p resen t  examples of t h e  a n a l y t i c a l  design of c o n t r o l  systems [4-71. 
The p r e s e n t  work is an ex tens ion  of t h e  previous i n v e s t i g a t i o n s  [3]  t o  t h e  
case of t h e  r o t a t i n g  motion of a s o l i d .  

/11* 

1. Statement  of t h e  Problem. I n i t i a l  Motion Equations.  The mechanical 
system under i n v e s t i g a t i o n  (gy ros t a t )  c o n s i s t s  of a s o l i d  w i t h  a f i x e d  p o i n t  
i n  t h e  c e n t e r  of g r a v i t y ;  axes of t h r e e  homogeneous symmetrical f lywheels ,  
r o t a t e d  by engines ,  l i e  along the  p r i n c i p a l  c e n t r a l  axes of i n e r t i a  of t h e  
f i x e d  p o i n t .  
p o i n t  i n  t h e  f i x e d  p o i n t  0: t he  f ixed  po in t  OX X X and t h e  moving po in t  

O x  x x t h e  axes of which are d i r ec t ed  along t h e  axes of t h e  f lywheels .  

Maintaining t h e  former des igna t ions  [ 3 ] ,  w e  w r i t e  t h e  equat ion  of motion of 
t h e  system i n  t h e  form of t h r e e  dynamic Euler-Volterra  equat ions  

We s h a l l  i n t roduce  two systems of coord ina tes  wi th  t h e  i n i t i a l  

1 2 3  

1 2 3' 

n i n e  k inemat ic  Poisson equat ions 

"Numbers g iven  i n  t h e  margin i n d i c a t e  pagina t ion  i n  o r i g i n a l  fo re ign  t e x t .  
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and t h r e e  equat ions of t h e  r o t a t i n g  motions of f lywheels  
I 

I, (Wi' + pi') = ui ( i  = 1, 2, 3) (1.3) 
- W e  s h a l l  restrict ou r se lves  t o  t h e  case of t h e  symmetric g y r o s t a t  (C = c2 - 

= C) and change over  t o  new v a r i a b l e s  by in t roducing  a new system of axes  of t h e  
coord ina tes  y y y i n s t e a d  of x x as i t  i s  done i n  i n v e s t i g a t i o n s  of 

t h e  r o t a t i n g  motions of a gyroscope [8]. The a x i s  y co inc ides  wi th  t h e  a x i s  

of  f r e e  r o t a t i o n  of a g y r o s t a t  x3, and the axes y 

p lane  of t h e  gyrostat x 3' 
Studying t h e  Euler-Krylov angles  e,$,+, it i s  p o s s i b l e  t o  d i r e c t  t h e  axis y1 

along t h e  node l i n e  f o r  example. 
X X X and y y y are des igna ted  by B i k ( i ,  k = 1 ,2 ,3 ) .  

1 2 3  1 2 x3' 

3 
and y 1 2 l i e  i n  t h e  e q u a t o r i a l  

and are n o t  involved i n  the  n a t u r a l  r o t a t i o n  0. 

The d i r e c t i o n  cos ines  between the  axes 

1 2 3  1 2 3  

The change over from t h e  v a r i a b l e s  p t o  t h e  new v a r i a b l e s  q i i 
is made by 

t h e  p r o j e c t i o n s  of t h e  ins tan taneous  angular  v e l o c i t y  of t h e  coord ina te  system 
y y y on its axis. The vec to r  q {q,, q2, q 1 r e p r e s e n t s  t h e  angular  v e l o c i t y  

of fol lowing.  We have 
1 2 3  3 

Equations (1.1) - (1.3) are r ewr i t t en  wi th  t h e  new v a r i a b l e s  q i' Bike /12 
The f i r s t  equa t ion  i n  (1.1) i s  mul t ip l i ed  by cos 0, and t h e  second by - s i n  
0 and they are added, then  the  f i r s t  equat ion is  mul t ip l i ed  by s i n  0, and t h e  
second by cos $I and they are aga in  added; t h e  t h i r d  equat ion i n  (1.1) is re- 
t a i n e d  i n  i t s  o r i g i n a l  form. 
fo l lowing  system of equat ions:  

A f t e r  s i m p l e  t ransformat ions ,  w e  o b t a i n  t h e  

where 

G, -- H ,  COS cp - H ,  sin cp, G, = H ,  sin cp 4- I-I, cos rp, G3 = H3 (1.5) 

Performing analogous t ransformations wi th  t h e  equat ions (1.3) w i t h  t h e  
assumption t h a t  I = I2 = I, w e  o b t a i n  the  system of equat ions  1 

(1.6) G,' + Iql' + (G, Iq2)cp' = Wl, G,' +I q2' - ( G ~  + Iqi) 9' = w a  
G,' + I3 ( 4 3  -I- Cp')' = W3 

where 

u1 = U, cos p - uz sin cp, w, = U, sin cp + u2 COS 'p, w3 = us (1.7) 
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. 
The equat ion  system (1.2) takes  t h e  form 

I 

- 0 (i  = 1, 2 ,  3) (123) , pil' + qZPi3  - q3FiZ - 

The equat ions  (1.4) and (1.8) permit a p a r t i c u l a r  s o l u t i o n  corresponding t o  
t h e  uniform r o t a t i o n  of a g y r o s t a t  wi th  an angular  v e l o c i t y  w around a f i x e d  
axis X 3 

I n  o rde r  t o  exclude t h e  k i n e t i c  moments G ,  from t h e  equat ions (1 .6) ,  use  
1 

is  made of t h e  l a w  of t h e  conserva t ion  of t h e  moment of momentum of a g y r o s t a t  
i n  t h e  p r o j e c t i o n s  on t h e  a x i s  X X X 1 2 3  

which corresponds t o  t h e  t h r e e  i n t e g r a l  equat ions  (1.5) .  

The q u a n t i t y  G is  determined from Equation (1.10) and s u b s t i t u t e d  i n  i 
Equation (1.6), t ak ing  Equation (1.8) i n t o  cons ide ra t ion .  Then, a f t e r  t r ans -  
formations,  w e  o b t a i n  t h e  system of  th ree  equat ions  which does no t  con ta in  G i 

For t h e  i n v e s t i g a t e d  s t a t i o n a r y  motion (1.9) t h e  cons t an t s  are equal  t o  

Thus, t h e  g y r o s t a t  motion is  completely descr ibed  by t h e  twelve equat ions  
The phase coordinates  of t h e  system are q i, Bik (i, k = i n  (1.8) and (1.11). 

= 1 ,2 ,3 ) ;  however, only s i x  of them are independent,  s ince  t h e  d i r e c t i o n  cos ines  /13 
Bik are coupled by s i x  geometr ica l  r e l a t i o n s  

I 

(1.12) 

which may b e  viewed as i n t e g r a l s  of t h e  equat ions (1.8). 
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2. So lu t ion  t o  t h e  S t a b i l i z a t i o n  Problem. I n  o rde r  t o  s tudy  t h e  s t a b i l i t y  
(1.9) w i t h  r e s p e c t  t o  q 1, q2, q3 + 0, Bik (i, k = 1.2.3) an  equat ion  of per- 

turbed motion i s  composed, r e t a i n i n g  f o r  t h e  p e r t u r b a t i o n s  t h e  des igna t ions  
of t h e  i n i t i a l  v a r i a b l e s .  

ba t ions .  
motion equat ions  [ 3 ] ,  which i s  the  t o t a l i t y  of t h e  complete equat ions  (1.8) 
and t h e  system of t h e  f i r s t  approximation (l.ll), s i n c e  from t h e  asymptot ic  
s t a b i l i t y  of motion (1.9),  i n  v i r t u e  of t he  "shortened1' system of equat ions ,  
ensues the  asymptot ic  s t a b i l i t y  (1 .9) ,  i n  v i r t u e  of t h e  complete system 
of equat ions  (1.8) and (1.11). The "shortened" system of equat ions  has  t h e  
form 

The cons tan ts  h .  w i l l  de s igna te  t h e  i n i t i a l  per tur -  
1 

I n  t h i s  case, use  i s  made of the "shortened" system of per turbed  

Here t h e  problem c o n s i s t s  i n  t h e  following: t o  determine the  func t ions  v i of phase coord ina te s  so  t h a t  t h e  ze ro th  s o l u t i o n  

qi=o,  P i k = O  ( i v  k = i ,  2 # 3 )  (2.4) 

w i l l  b e  asymptot ica l ly  s t a b l e  and, furthermore,  t h a t  t h e  condi t ion  of t h e  
minimum of the  i n t e g r a l  i s  s a t i s f i e d  

5. (Q1, Q2, q 3 ,  Pl l ,  * - :, P33, V l r  v 2 ,  v3)dt  
0 

where S2 
t h e  s o l u t i o n  of t h e  problem. 
is assumed t h a t  

is  a c e r t a i n  p o s i t i v e  func t ion  which w i l l  b e  found 
A p r i o r i  only t h e  s t r u c t u r e  of 

i-2 = F1 (Q1, Q Z l  q 3 , )  + F 2  (P11, * * ' 9 P33) 4 2 . i v i 2  + 
' i  + A (q1, Q 2 ,  431 Pll,'.'. - r Q33)  

i n  t h e  course of 
Q is def ined;  i t  

h e r e  

i . k  
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It should be borne i n  mind t h a t  corresponding r e s t r i c t i o n s  w i l l  be  imposed 
on t h e  c o e f f i c i e n t s  e (eli  > 0) ,  n ,  > 0 hencefor th ;  t h e  f u n c t i o n  F i s  t o  ik 2 
b e  determined, 
The func t ion  F1 should be  the  p o s i t i v e  d e f i n i t e  quadra t i c  form of a p o s i t i v e  

d e f i n i t e  q u a d r a t i c  form B (i, k = 1,2 ,3) .  

A denotes the  p o s s i b l e  terms of an  o rde r  h ighe r  than  t h e  second. 114 

i k  

I n  order  t o  so lve  t h e  problem posed of t h e  a n a l y t i c  des ign  of c o n t r o l  
systems, t h e  same as w a s  done above, use  is made of t h e  fundamental theorem 
of t h e  second method Lyapunov used i n  the  i n v e s t i g a t i o n  of op t imal  s t a b i l i z a t i o n  
problems [9]. According t o  t h e  theorem, t h e  opt imal  c o n t r o l  v and t h e  

opt imal  Lyapunov func t ion  Vo s a t i s f y  the  fol lowing system of fou r  equat ions  i n  
p a r t i a l  d e r i v a t i v e s  of t h e  f i r s t  o rder :  

i 

+ Q (a1, Qz, q 3 ,  Pll, . . . I p33 ,  V l O ,  V Z O ,  V 3 O )  = 0 

i (2.7) 

1 avo Since 
= - - - (i = 1, 2, 3) 

(2.8) 
2 n i  aqi 

then  f o r  t h e  f u n c t i o n  V" one non l inea r  equat ion i s  obta ined  i n  p a r t i a l  der iva-  
t ives of t h e  f i rs t  o rde r  

On t h e  b a s i s  of  Equation (1.12) t h e  v a r i a b l e s  Bik are coupled by s i x  rela- 
t i o n s h i p s  ( t h e  i n t e g r a l s  of  Equation (2.2)) 

(2. l o )  

The Lyapunov func t ion  i s  sought i n  the form of a q u a d r a t i c  conf igu ra t ion  
w i t h  undetermined c o e f f i c i e n t s  131 

H e r e  

5 



S u b s t i t u t i n g  Equation (2.11) i n  Equation ( 2 . 9 ) ’  an a l g e b r a i c  equat ion  system /15 
is  obta ined  which couples the  c o e f f i c i e n t s  of t h e  func t ions  Vo and Q 

d,2nl + ai, - a,, = e,,, d,2ii, + b31 - b13 -- e,%, d,2n3 4- cll - c2, = e33 
(h13 + w) (7)11 - 7%) - a13 + a31 - b32 + b23 = 2el, 

-h12m1 4- h 3 p 3  - a21 4- aI2 - c32 + c23 = 2e13 
h1,m2 - h311n3 - b,, + b;, - cI3 + cgl = 2e2, 

(2.13) 

The remaining equat ions  are d iv ided  i n t o  nine subsystems, l inear  wi th  
c each of which conta ins  t h r e e  c o e f f i c i e n t s  correspond- 

A l l  t h e  subsystems have t h e  same 
ik’  b ik’  ik ’  r e s p e c t  t o  a 

ing  t o  t h e  i d e n t i c a l  s u b s c r i p t s  i, k = 1 , 2 , 3 .  
de terminant  

(2.14) 

and t h e  r i g h t  hand terms inc lude  components conta in ing  
k .  and m 

o and t h e  parameters 

1 i’ 

With s u f f i c i e n t l y  g r e a t  d t h e  determinant A is  d e l i b e r a t e l y  no t  equal  i 
t o  zero  and each subsystem has a s i n g l e  s o l u t i o n  f o r  a 

form of t h e  func t ions  h 

c i n  t h e  i k ’  b ik’  i k ’  
and w. The following des igna t ions  are introduced:  i k  

Then, t h e  ind ica t ed  s o l u t i o n s  w i l l  be  w r i t t e n  as follows: 

6 



(2.15) 

It fol lows from the  express ions  (2.13) - (2.15) t h a t  a t  s u f f i c i e n t l y  l a r g e  
d .  t h e  func t ions  V" and F are p o s i t i v e  d e f i n i t e .  The func t ion  F c o n s i s t s  

of t h e  fundamental func t ion  F * and t h e  supplementary func t ion  F ** of t h e  

q u a d r a t i c  f o m s  

1 1 2 

2 2 

Since  t h e  n i n e  v a r i a b l e s  of Bk are coupled by t h e  s ix  r e l a t i o n s h i p s  (2.10) /16 

t h e  form of  t h e  func t ion  F * with  s u f f i c i e n t l y  l a r g e  dimay be made p o s i t i v e  

d e f i n i t e  [3]. 
2 

The form F ** i s  a l t e r n a t i n g .  Therefore ,  i n  o rde r  f o r  t h e  func t ion  2 
F ,  = I: * f F,** 

2 

t o  b e  p o s i t i v e  d e f i n i t e ,  i t  i s  necessary t o  in t roduce  an  upper boundary on t h e  
c o e f f i c i e n t s  of t h e  form F ** i n  a corresponding manner. This  w i l l  l e a d  t o  

t h e  i n e q u a l i t i e s  which l i m i t  t he  i n i t i a l  moment of momentum of the  g y r o s t a t ,  
h3', and t h e  i n i t i a l  pe r tu rba t ions ,  hi. The i n e q u a l i t i e s  i nd ica t ed  w i l l  be  

e s t a b l i s h e d  below. 

2 

The terms g r e a t e r  than the  second order  A should be taken i n  t h e  form 

7 



. 
Thus, i t  has been e s t a b l i s h e d  t h a t  the  motion (2.4) i s  s t a b i l i z e d  by means ’ of c o n t r o l  (2 .8) ,  (2.12),  and (2.15), i f :  1) t h e  forms of Vo and F2 are posi-  

t i ve  d e f i n i t e ;  2) t h e  i n e q u a l i t y  A # 0 is v a l i d ;  3) t he  i n i t i a l  moment of 
momentum h O and t h e  reg ion  of t h e  i n i t i a l  p e r t u r b a t i o n s ,  hi, are s e l e c t e d  

from t h e  f ixed-sign conf igura t ions  of the form F2. The lower boundary of 

m./2ni can be c a l c u l a t e d  from these  condi t ions  w i t h  t h e  f ixed  parameters of 

k.  and m ,  and g iven  hik numbers. 

3 ’  

1 

1 1 

I n  t h i s  case, t h e  c o n t r o l  found proves t o  be  opt imal  i n  the  sense  of t h e  
minimum of t h e  i n t e g r a l  of t he  func t ion  il (2 .5) ,  (2.13) - (2.17). 

Returning t o  former des igna t ions ,  according t o  (1.7) and (2.3),  t h e  au tho r s  
o b t a i n  t h e  fol lowing a n a l y t i c a l  expressions of t h e  c o n t r o l  moments of  t h e  
engines ,  providing f o r  t h e  opt imal  s t a b i l i z a t i o n  of t he  s t a t i o n a r y  motion of a 
g y r o s t a t  (1.9) : 

(2.18) uzo ( t .  q, p)l= - o (h2 sin ht + hl cos at) + (C - I )  [- dlql sin ot + 

The opt imal  c o n t r o l  (2.18) is  e x t e r n a l l y  l i n e a r  wi th  r e spec t  t o  t h e  pe r tu r -  
b a t i o n s  of t h e  v e l o c i t i e s ,  qi, t he  pe r tu rba t ions  of t h e  coord ina tes  B and 

t h e  i n i t i a l  p e r t u r b a t i o n s ,  hi, w i t h  pe r iod ic  c o e f f i c i e n t s .  However, n o t  a l l  

t h e  terms inc luded  i n  t h e  func t ions  (2.18) have t h e  same order  of smal lness ,  
and cik, according t o  (2.15),  are composed s i n c e  t h e  c o e f f i c i e n t s  a 

of terms, some of which are f i n i t e  q u a n t i t i e s ,  and o t h e r s  have f i r s t ,  second, 
and t h i r d  o rde r s  of smal lness  according t o  t h e  i n i t i a l  pe r tu rba t ions  of h . i 
Thus, i f  qi, Bik h .  are considered as q u a n t i t i e s  of one order ,  t h e  c o n t r o l  

found w i l l  con ta in  terms of t h e  f i r s t ,  second, t h i r d ,  and fou r th  o r d e r s  of 
smal lness ,  i. e. , they are a c t u a l l y  nonl inear .  

i k ’  

i k ’  b ik’  

1 

The express ions  (2.18) i n d i c a t e  t h a t  i n  o rde r  t o  r e a l i z e  the  c o n t r o l  found 
i t  is necessary  t o  have devices  which measure t h e  i n i t i a l  pe r tu rba t ions ,  hi, 

and t h e  phase coord ina te s  of t he  s o l i d ,  qi, Bik. S ince i n  real  cond i t ions  

t h e  i n i t i a l  p e r t u r b a t i o n s  are of a random n a t u r e ,  i t  i s  expedient: t o  p re sen t  
t h e  s o l u t i o n  t o  t h e  problem i n  the  p r o b a b i l i s t i c  formulat ion,  viewing t h e  
i n i t i a l  p e r t u r b a t i o n s  as c e r t a i n  random q u a n t i t i e s  w i th  unknown p r o b a b i l i s t i c  

8 



c h a r a c t e r i s t i c s .  
~ , 1  

3. S h i f t  t o  Independent Var iab les .  L e t  us  change over from the  dependent /17 
v a r i a b l e s  pi, t o  t he  independent v a r i a b l e s ,  i .e . ,  t h e  Krylov angles  8 and J, 

p l o t t i n g  t h e  d i r e c t i n g  cos ines  @ = 0 i n  t h e  t a b l e  [ l o ] .  Then t h e  p e r t u r b a t i o n  
Bik i s  expressed by means of  t he  pe r tu rba t ion  of t h e  angles  8 and J, as fo l lows:  

The remaining f3 start  wi th  the terms of t h e  second o rde r  of smal lness .  The ik 
func t ion  F w i l l  take t h e  form 2 

The f ixed-s ign  conf igu ra t ions  of t h e  form (3.2) are expressed by t h e  
i n e q u a l i t i e s  

'41-42--1,2>0 1 (3.3) A l > 6  

The i n e q u a l i t i e s  (3 .3) ,  according t o  (2.15),  e s t a b l i s h  the  coupling between 
t h e  i n i t i a l  moment of momentum, h3', and t h e  i n i t i a l  pe r tu rba t ion ,  hi, and by 

t h e  s e l e c t e d  parameters k m and n i' i' i' 

W e  s h a l l  cons ider  h .  as s m a l l  as des i r ed  and f i n d  t h e  l i m i t s  on h It  
1 3 '  i s  assumed t h a t  

M ~ = M ,  k i = k ,  n i = n ,  d i = d  ( i=1 ,2 ,3 )  I 
Omitt ing t h e  terms conta in ing  h hI2, h31, and h32 i n  Equation (2.15) ,  w e  11' o b t a i n  
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. 
This ,  on t h e  b a s i s  of Equation ( 3 . 3 ) ,  l e a d s  t o  

- i  i 
A 1 = A , > O ,  A , , = O  ' 

I 

A f t e r  computations, w e  ob ta in  

It  is  assumed t h a t  a l l  t h r e e  flywheels do n o t  r o t a t e  re la t ive t o  t h e  s o l i d  
being sub jec t ed  t o  s t a b i l i z a t i o n  i n  the  s t a t i o n a r y  motion being s t u d i e d ,  i .e. ,  

Then from equat ion ( 3 . 5 )  i t  fol lows t h a t  

21; c - I 
o < ( I N d  

C o e f f i c i e n t s  of t h e  form Vo and F1, as  can be e a s i l y  seen ,  have t h e  p rope r ty  

t h a t  t h e  f ixed-sign conf igu ra t ions  of t h e  forms are n o t  d i s rup ted  w i t h  an  in-  
crease of k i f  i n  t h i s  case a corresponding i n c r e a s e  of d i s  achieved (by 
means of decreas ing  n ) .  Thus, t h e  found c o n t r o l  ensures  the  s t a b i l i z a t i o n  
of t h e  r o t a t i n g  motion of a s o l i d  f o r  a wide ( t h e o r e t i c a l l y  as l a r g e  as des i r ed )  
range of angular  v e l o c i t i e s ,  w ;  furthermore,  t h i s  i s  easier t o  achieve  t h e  
g r e a t e r  C - I as compared t o  Cg, i . e . ,  t he  g r e a t e r  t h e  ex tens ion  of t h e  s o l i d  

a long t h e  a x i s  of r o t a t i o n .  I n  p r a c t i c e ,  t h e  s e l e c t i o n  of d is  l imi t ed  by 
t h e  capac i ty  of t h e  engine,  hence a s p e c i f i c  upper boundary is  obtained f o r  
o. It may b e  seen  from Equation (3.5) t h a t  t h e  range of pe rmis s ib l e  o may 
be expanded by means of decreas ing  h O s e l e c t i n g  G n o t  equal  t o  zero,  and 

having a s i g n  oppos i t e  t o  C o. 
3 3 

3 

The minimized f u n c t i o n a l  assumes i n  the independent v a r i a b l e s  a s imple form 
03 s Ib, (q l z  + 4 2 )  + b z h 2  + a (qZ + 02) + n (UI2  4- U Z 2  + h2) + * - . I  dt 1 
0 

Here 

The d o t t e d  l i n e s  des igna te  t h e  terms of a h igher  o rde r  of smallness  ( t ak ing  
i n t o  account  t h e  smallness  of t h e  i n i t i a l  p e r t u r b a t i o n s ,  hi). 

By means of t h e  scheme proposed f o r  s t a b i l i z a t i o n ,  i t  may be seen  from t h e  
formulas  presented  t h a t  t h e  easier t h e  s t a b i l i z a t i o n  of t h e  r o t a t i o n  of t h e  
s o l i d ,  t h e  smaller its angular  ve loc i ty .  At t h e  same t i m e  i t  is known t h a t  
t h e  g r e a t e r  t h e  i n i t i a l  moment of momentum of t h e  g y r o s t a t  [ l l ]  ( i n  p a r t i c u l a r ,  

10 



a gyroscope),  t h e  more s t a b l e  t h e  la t ter  i n  the  sense  of Lyapunov. 
a f a s t  r o t a t i n g  gyroscope, being more s t a b l e  i n  t h e  usua l  sense than a slower 
r o t a t i n g  gyroscope, is  " laz ie r" :  i t  is d i f f i c u l t  t o  d i s p l a c e  t h e  f a s t e r  gyro- 
scope from the  i n i t i a l  pos i t i on .  urthermore, it i s  more d i f f i c u l t  t o  r e t u r n  
i t  t o  i t s  o r i g i n a l  p o s i t i o n .  a f a s t e r  r o t a t i n g  gyroscope is 
more d i f f i c u l t  t o  make asymptot ica l ly  s t a b l e  than a s lower r o t a t i n g  gyroscope. 
This s imple mechanical fact  provides  t h e  explana t ion  f o r  t h e  r e s u l t s  obtained.  

However, 
1 

I '  

In o t h e r  words 

It may a l s o  be e s t a b l i s h e d  t h a t  wi th  inc reas ing  w, t h e  r eg ion  of pe rmis s ib l e  
I i n i t i a l  pe r tu rba t ions ,  hi, decreases  (and the oppos i t e  i s  a l s o  t r u e ) .  

ob ta ined  may prove t o  be u s e f u l  i n  an i n v e s t i g a t i o n  of techniques f o r  s t a b i -  
I Ro ta t ing  space  o b j e c t s  i n  some cases become uns t ab le  [12] .  The r e s u l t s  

I l i z i n g  t h e s e  ob jec t s .  
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